Today, the primary identification methods in time domain for spacecraft are based on singular value decomposition (SVD), such as the eigensystem realization algorithm (ERA) or stochastic subspace identification (SSI), which requires significant computation time. However, some control problems, such as self-adaptive control, need the latest modal parameters to update controller parameters online. To improve computational efficiency, the fast approximated power iteration (FAPI) recursive algorithm, which avoids SVD, is applied as an alternative method to identify the time-varying frequencies of large flexible satellites. Moreover, an improved recursive form is also proposed to obtain the time-varying input matrix in a state-space model by rewriting the relation of the input and output data. In numerical simulations, the time-varying model of the Engineering Test Satellite-VIII (ETS-VIII) is established. The results illustrate that this recursive algorithm can implement time-varying parameter online identification and it has a better computational efficiency than the SVD-based methods.
studies. [1] [2] [3] [4] [5] For instance, in the 1980s and 90s, Juang et al. identified the modal parameters and corresponding state-space model parameters for the Galileo spacecraft and Hubble Space Telescope using the eigensystem realization algorithm (ERA). 6, 7) However, these identification experiments are mostly based on the linear time-invariant (LTI) system. From the perspective of actual operations, the configuration properties of these rigid-flexible coupling spacecraft may require alteration in orbit for many reasons, such as reflector deployment, 8) antenna rotation, 9) docking with a satellite 10) or capturing another moving body. Therefore, it is necessary to accurately identify the system parameters of the on-orbit spacecraft when the system is linear time-varying (LTV).
In existing on-orbit identification methods for spacecraft, ERA has been successfully applied to the identification of the LTI modal parameters and corresponding state-space model for various spacecraft. [3] [4] [5] [6] [7] 11, 12) The ERA is a typical system realization method. This approach constructs the Hankel matrix using complete input and output (I-O) data sequences over a period of time and utilizes singular value decomposition (SVD) at each time step to extract the observability matrices. Then, the system model matrices fA, B, Cg and corresponding modal parameters are determined. The ERA is based on an LTI system; if the system of interest is LTV, repeated experimental methods are often used to identify the time-varying system model such as pseudo-modal subspace method and time-varying eigensystem realization algorithm (TV-ERA). 13, 14) The repeated experimental methods assume that multiple experiments are performed during system identification and that the system undergoes the same time-varying change by a different input in each experiment. Then, the LTV state-space model and modal parameters are determined. However, because these identification methods for an LTV state-space model are still based on SVD (e.g., pseudo-modal subspace method, TV-ERA, or other repeated experimental methods 13) ), and the procedures of SVD require significant computation costs in system identification, a faster identification method is required.
Some control problems, such as self-adaptive control, often need to obtain the latest dynamic parameters for updating the controller parameters in real-time. In addition, the identified system parameters can help to track and monitor the on-orbit working conditions of spacecraft. Consequently looking for a fast identification method for on-orbit spacecraft is useful. A recursive subspace method called fast approximated power iteration (FAPI) was developed by Badeau et al. 15) to estimate the system observability matrix. Compared to the existing repeated experimental methods based on SVD, FAPI is derived from signal subspace projection tracking technology, and the LTV signal subspace matrix (i.e., observability matrix) is tracked by updating I-O data in real-time. Therefore, the FAPI method does not need to perform SVD for a Hankel matrix at each time step and consequently computes quickly.
Recursive subspace algorithms have been used in recent years for LTI/LTV system modal parameter identification in the mechanical engineering field, but few studies have investigated using recursive methods to identify the spacecraft LTV model. In this paper, we apply a recursive algorithm to the on-orbit identification of a large flexible satellite. By designing the I-O signals, the time-varying frequencies are obtained. Furthermore, in the existing recursive algorithm, after the matrices fAðkÞ, CðkÞg are determined recursively, the least squares method can usually be used to estimate the matrix BðkÞ. Different from the least squares method, an improved recursive method is developed by rewriting the I-O relation to extract the input matrix from the new signal subspace matrix. With the employment of this improved recursive form, the state-space model fAðkÞ, BðkÞ, CðkÞg of an LTV system is determined.
The primary purpose of this paper is to discuss the identification of satellite time-varying parameters using recursive algorithm. Frequently-used identification algorithms, which are based on SVD, significantly increase computational complexity and are not suitable for online controller parameter updates. Consequently, the recursive algorithm will be applied in this paper to improve computational efficiency and implement online identification. In addition, an improved recursive form, which is based on the FAPI algorithm, for identifying matrix BðkÞ is also presented. In numerical simulations, the model of the Engineering Test Satellite-VIII (ETS-VIII) is established by considering the rotation of solar panels. The numerical results demonstrate that the recursive algorithm is effective in the identification of time-varying frequencies and state-space model parameters. The comparisons of computation time also show that the recursive algorithm has faster computation speeds than the frequently-used SVD method. This paper is organized as follows. The equation description of a rigid-flexible coupling satellite model is reviewed in Section 2. Section 3 simply introduces the procedure of the FAPI recursive subspace algorithm. In Section 4, identification of the satellite time-varying modal parameters is presented using the FAPI method, and an improved recursive form based on the FAPI algorithm is also developed to identify the time-varying input matrix BðkÞ of the state-space model. In Section 5, the simulation results of frequency parameters and corresponding state-space model of the ETS-VIII spacecraft are presented. Some conclusions are presented in Section 6.
Equation Description of Rigid-flexible Coupling Satellites
Rigid-flexible coupling satellite structures can be constructed in the form of a central rigid body with N large flexible appendages such as solar panels or antennas. It is worth noting that this paper does not consider a satellite's translational motion but is only concerned with rotational motion. Furthermore, it is assumed that the angular velocity _ ¼ of the satellite is very small, namely, _ ¼ % 0, and the solar panels are rotating with a uniform rotational speed of _ . When a 3 Â 1 dimensional control torque uðtÞ is applied to the satellite body, the rigid-flexible coupling equation of the satellite Trans. Japan Soc. Aero. Space Sci., Vol. 59, No. 3, 2016 with N appendages is described by (detailed modeling procedure can be found in other studies [16] [17] [18] [19] ): 
A random vector $ is defined, where $ denotes a sample vector of a time series in the time domain spectral analysis. According to the signal subspace projection theory, for the vector $ and its signal subspace (observability matrix) À , we solve the following optimization problem:
and find a matrix À ðkÞ to let JðÀ ðkÞÞ be minimal. Clearly, JðÀ ðkÞÞ will be minimal if À ðkÞÀ T ðkÞ projects $ðkÞ into the signal subspace. In this case, the matrix À ðkÞ contains n dominant eigenvectors spanning the signal subspace. Assuming that the matrix À ðkÞ is full rank, the covariance matrix R $$ ðkÞ of the data vector $ðkÞ is thus
Furthermore, if the expectation in Eq. (12) is rewritten by the form of exponential weighting sum as:
Equation (14) is identical to Eq. (12) except for the exponential weighting sum instead of the expectation. In Eq. (14), kÀi denotes the different weighting coefficient for each time instant i ¼ 1; 2; Á Á Á ; k. The old I-O data are forgotten and the new I-O data are added by introducing the forgetting factor ð0 ( 1Þ. Data updating in the recursive algorithm is implemented. Therefore, Eq. (13) can also be replaced using the exponential weighting sum as:
In Eq. (14), the primary goal of the FAPI method is to construct the projection of $ðkÞ onto the column vectors of À ðkÞ as:
To approximate À T ðkÞ$ðiÞ ði ¼ 1; 2; Á Á Á ; kÞ in Eq. (14), Eq. (16) is applied by subspace projection approximation and a modified cost function is as follows:
which is quadratic in the elements of À ðkÞ. Equation (17) is minimized if:
hh ðkÞ ð 18Þ
By defining an auxiliary matrix Zðk À 1Þ and vector #ðkÞ to satisfy the following relations:
where the initial value Zð0Þ of matrix Zðk À 1Þ is selected as a positive definite matrix, then the error eðkÞ in Eq. (16) can be computed as follows:
A modified orthonormal matrix ÂðkÞ is defined as
where
For the specific computation procedures about vectors g g g g gðkÞ and (ðkÞ, please see Badeau et al. 15) In the FAPI algorithm, the new projection approximation and orthonormal matrix ÂðkÞ are applied to establish approximate relations between matrices À ðk À 1Þ and À ðkÞ as:
In Badeau et al., 15) Proposition 4.3 and the corresponding proof proved that the practical recursive form of À ðkÞ satisfies:
Finally, substituting Eq. (21) in Eq. (23) yields:
where e 0 ðkÞ ¼ ð1 À (ðkÞkg g g g gðkÞk 2 ÞeðkÞ À (ðkÞÀ ðk À 1Þg g g g gðkÞ. The theory description for the FAPI algorithm is introduced in Badeau et al., 15, 20) so we will not go into detail on this method here. Table 1 shows the procedures of the FAPI method. Its computational cost is 4mMn þ Oðn 2 Þ flops per iteration, whereas the complexities of the identification method commonly used, which is based on SVD, is at least Oðn 3 Þ. Therefore, the computational cost of FAPI is lower than the SVD method. Particularly, when the order of spacecraft system is high, the advantage of computational efficiency for the recursive method is obvious.
In the FAPI algorithm, the I-O data uðkÞ and yðkÞ must be applied to construct the vector $ðkÞ of the FAPI algorithm. For this purpose, Appendix A introduces a data-preprocessing method to construct and update vector $ðkÞ.
Identification of Satellite Time-varying Parameters
In this section, the time-varying state-space model AðkÞ; BðkÞ; CðkÞ f g will be identified using an improved FAPI algorithm by reconstructing the I-O data sequences. Once the model matrices are obtained, the LTV modal parameters can be determined. For future applications, the state-space model matrices identified can also be used to verify the ground numerical model of the satellite.
Identification of time-varying modal parameters
For another set of identified model parameters fÂðkÞ;BðkÞ;ĈðkÞg, Eqs. (7) and (8) , without the process and measurement noises, can be described by:
xðk þ 1Þ ¼ÂðkÞxðkÞ þBðkÞuðkÞ ð 25Þ
yðkÞ ¼ĈðkÞxðkÞ ð 26Þ
Based on the FAPI recursive algorithm, the system observability matrixÀ ðkÞ identified can be determined. Then, the system matrixÂðkÞ withÀ ðkÞ identified can be constructed as:Â
whereÀ 1 ðk þ 1Þ andÀ 2 ðkÞ are the first m Â ðM À 1Þ rows of À ðk þ 1Þ and the last m Â ðM À 1Þ rows ofÀ ðkÞ, respectively. After the matrixÀ ðkÞ has been obtained, the first m rows ofÀ ðkÞ can be extracted to determine the output matrix CðkÞ identified. If system matrixÂðkÞ has been derived, the identification of the time-varying modal parameters (i.e., pseudo-modal parameters) of the satellite can be implemented. 16, 21) The eigenvalue decomposition of system matrixÂðkÞ at time k is:
where ÃðkÞ is the diagonal eigenvalue matrix, and AEðkÞ is the corresponding time-varying matrix of eigenvectors. Initialization:
the ith satellite pseudo-damping ratio and pseudo-damped natural frequency, respectively; Át is the sampled time, and j ¼ ffiffiffiffiffiffi ffi À1 p . In this part, the LTV matricesÂðkÞ;ĈðkÞ È É and modal parameters of the satellite are obtained. How to utilize this set AðkÞ;ĈðkÞ È É to confirm the input matrixBðkÞ recursively is discussed in the subsequent sections. 4.2. An improved recursive form for identifying the input matrix BðkÞ Generally, multiple sets of experimental data and the least squares method can be applied to determine the time-varying input matrixBðkÞ when using the repeated experiments identification method. 13, 14) For the recursive method, after the matricesÂðkÞ;ĈðkÞ È É are obtained, the least squares method is used to estimate input matrixBðkÞ. In this part, an improved recursive form based on the FAPI method is proposed to confirm the time-varying input matrix.
In Eq. (26), the following relation at time k þ 1 is obviously:x ðk þ 1Þ ¼Ĉ y ðk þ 1Þyðk þ 1Þ ð 29Þ
Substituting Eq. (29) into (25) yields:
. . .
Then, the generalized form of Eqs. (31) and (32) 
Consideringũ M ðkÞ andỹ M ðkÞ as the new I-O data sequences and applying the FAPI method again, the new signal subspace matrixÔðkÞ can be obtained recursively as: Then, the algorithm presented can be also applied here for online identification.
Summary of identification procedures for time-
varying frequency and input matrix Step 1: Construct the input vector $ðkÞ based on the description in Appendix A. Then, feed the vector $ðkÞ to the FAPI algorithm. The observability matrixÀ ðkÞ is determined using the FAPI algorithm.
Step 2: Estimate matricesÂðkÞ andĈðkÞ from matrix À ðkÞ. The time-varying modal parameters of the satellite sysTrans. Japan Soc. Aero. Space Sci., Vol. 59, No. 3, 2016 tem can be derived from the eigenvalue decomposition of matrixÂðkÞ.
Step 3: AfterÂðkÞ andĈðkÞ are derived from Step 2, rewrite the I-O data relation of the state-space equation as Eq. (33). The new I-O sequencesũ M ðkÞ andỹ M ðkÞ are then derived.
Step 4: Repeat Step 1 to construct the new input vector of the FAPI algorithm using new I-O sequencesũ M ðkÞ and y M ðkÞ. The new subspace matrixÔðkÞ is obtained recursively, and then matrixBðkÞ is determined by matricesÂðkÞ, CðkÞ andÔðkÞ.
Numerical Simulations
In the following, a numerical model for the Engineering Test Satellite-VIII (ETS-VIII) is established. Identification of the time-varying frequencies and corresponding statespace modelÂðkÞ;BðkÞ;ĈðkÞ È É of the satellite are considered.
Parameters of the ETS-VIII model
The ETS-VIII was launched in 2006 by Japan to provide digital communications for mobile telephones and other mobile devices. It is a geosynchronous satellite at an altitude of approximately 35,786 km. The satellite has four large flexible appendages including a pair of deployable antenna reflectors and a pair of solar array panels. 22) The solar panels rotate around the pitch axis at a rate of 360 deg/day so that they continually face the Sun; the solar panel rotation of the satellite can cause a maximum 25% change in the system parameter. 23) Consequently, the satellite can be studied as an LTV system.
We simplify the satellite model based on the following conditions: the antenna reflectors are considered to be a plane truss structure, and the central rigid body of the satellite is considered to be a solid cuboid. The panels and reflectors are hinged to the central rigid body by a linkage. The four appendages are composed of a homogeneous material. The gravitational gradient torque is omitted here because ETS-VIII is geosynchronous. It is assumed that the entire satellite's center of mass is the coordinate origin, and the origin of each appendage coordinate is established at the hinge joint of the central rigid body and appendage. The configuration of the simplified ETS-VIII is shown in Fig. 1 , where the notations s1; s2; a1; a2 f g are used to denote the north/south solar panels and the A/B antenna reflectors, respectively.
In simulations, the size of the satellite model is shown in Fig. 2 . The frequencies of panels s1/s2 and antennas a1/a2 are given by FEM in Table 2 . The damping ratio is s1
The values of other parameters are given in Appendix B. In these simulations, we select the first four frequencies for each appendage. Therefore, the order of the satellite system is n ¼ ð3 þ 4 Â 4Þ Â 2 ¼ 38. The rotation speed _ of the solar panels is given as _ ¼ 0:6 deg/s in the numerical simulation experiments. The parameters of the recursive method are given as follows: system sampling interval Át ¼ 0:01 s, and the Hankel matrix parameter is M ¼ 20 to make sure the rank of Hankel matrix is larger than the system order. From past experience, the forgetting factor is usually selected as 0:95 < 1 in recursive subspace method, so the forgetting factor is ¼ 0:98 in this simulation.
Design of satellite input and output signals
To simulate the control torque signal produced by the satellite reaction wheel, the input signal designed for the simulations is shown in Fig. 3 . In addition, the situation of sensors placement for collecting the output signal of the appendages is also considered: the out-of-plane vibration response signals of some nodes on each appendage are selected as the output signals (see Fig. 4 ). Consequently, output matrix C of Eq. (6) is constructed by extracting the corresponding elements from the modal matrix È i (i ¼ s1; s2; a1; a2 f g ). The measurement noise is a stationary zero-mean Gaussian random noise, and the signal-noise-ratio (SNR) is selected as 50 dB. We only discuss system identification in the open-loop system for simplicity. The closed- loop identification situation will be discussed in another paper.
Simulation results
Applying the recursive algorithm, the frequencies of ETS-VIII can be obtained. The original frequencies for the satellite model established are shown in Fig. 5 , where the first three frequencies are zero because these correspond to three rigid modes of the satellite. In addition to these three rigid frequencies, the first five vibration frequencies, from 4th to 8th, are selected. Figure 6 compares the results of the time-invariant 4th and 6th to 7th frequencies between the original and identified values as computed by the recursive subspace method. Figure 7 shows the time-varying 5th and 8th frequency values computed by the recursive method. The results of the identified frequencies computed by the pseudo-modal method based on SVD are shown in Fig. 8 .
From Figs. 6 to 8, it can be seen that the improved recursive method can adequately track the satellite modal parameters. The average relative error of each frequency is shown in Table 3 . (A total of 30 experiments implemented for each algorithm.) The error results show that both the recursive method and pseudo-modal method can identify the timevarying frequencies. Although the relative error for the recursive method is higher than the SVD method, the maximum error remained below 3%.
For different SNRs, Tables 4 and 5 illustrate that the identification results of frequency using the FAPI and classic SVD-based methods, respectively. From Tables 4 and 5, we can see that when SNR ! 20 in this simulation, the two methods have similar identification accuracy. However, when SNR < 20, a lower SNR significantly influences the results identified for the recursive algorithm. The simulation results also prove that the SVD technology has a certain degree of noise immunity. To improve the identification accuracy of the recursive algorithm at a lower SNR, some noise reduction processing for the I/O data before identification can be considered, such as the wavelet filtering technique.
The computational efficiency of these two methods is now considered. Table 6 shows the computation time of the simulations in MATLAB for different row numbers M in the Hankel matrix; the column number in the Hankel matrix is set to 20 for the two methods. The simulation results also illustrate the conclusion of analysis for computation complexity in Section 3: because SVD is required in the pseudo-modal method, the computation time is found to be much larger than that of the recursive method. Particularly, when the dimensions of the Hankel matrix increase, the difference in computational time between these two methods is obvious.
Identification of the state-space model can also be implemented using the improved recursive form in Section 4. Because the different system state-space realizations satisfy the same I-O relation, to verify the model identified, the same test inputs are applied to the original model fAðkÞ, BðkÞ, CðkÞg and the model identifiedÂðkÞ;BðkÞ;ĈðkÞ È É with the initial state conditions; the response values are then compared. However, because the initial state vectorxð0Þ ¼ T À1 ð0Þxð0Þ for the model identified is found to be different from the initial xð0Þ of the original system before the test inputs are given to compute the responses, the initial conditions xð0Þ should be determined to ensure that the initial responses of the original and identified system models are consistent. 14) To compute the initial valuexð0Þ, similar to Eq. (11), Eqs. (25) and (26) Thus, the initial conditionxð0Þ of the time-varying model identified is solved using the least squares method to be:
In a simulated example, it is assumed that the satellite has an initial angle and initial angular velocity of:
then, the initial state vector xð0Þ for the original system is determined. Estimation of the initial state vectorxð0Þ for the identified system can be implemented using Eq. (38). In addition to the proposed recursive method, the pseudo-modal method, which is based on SVD, is also applied to identify the ETS-VIII state-space model in this simulation. 13, 24) To verify the state-space model identified and used for controller design, we design a simple output feedback controller using the linear quadratic regulator (LQR) method to control the attitude angle and attitude angular velocity of the satellite. Using a known LQR controller, closed-loop responses without noise for the same test inputs are compared in Figs. 9 and 10 . The angle and angular velocity responses of the state-space model estimated are shown to be generally consistent with the original LTV system. In simulation, the SNR ¼ 50 dB is high. However, the SNR in practice usually cannot attain 50 dB. Therefore, to verify the identification ability of the proposed method at a lower SNR, when the SNR is selected as 40, 30 and 20 dB, the response results of attitude angle ¼ x for the approach proposed and SVD-based method are shown in Figs. 11 and 12 , respectively. The results in Fig. 11 illustrate that the method proposed can obtain the state-space model parameters when the SNR is lower in practical implementation.
Finally, if the rotation speed _ of the solar panels is increased to _ ¼ 6 deg/s, and other simulation conditions are the same as mentioned above, then the results of attitude angle ¼ x are shown in Fig. 13(a) . In another simulated example, the comparison results of satellite attitude angles ¼ x are shown in Fig. 13(b) when the sampling interval Át is se- lected as Át ¼ 0:1 s. From Figs. 13(a) and (b), it is seen that, when the panels rotate faster or the sampling interval increases, the state-space model parameter can still be determined accurately.
Conclusions
In this paper, the authors attempt to provide an alternative method that differs from commonly used approaches that employ SVD [1] [2] [3] [4] [5] [6] [7] 11, 13, 14) to identify the time-varying modal parameters and corresponding state-space model of large rigid-flexible coupling satellites. Consequently, the time-varying frequencies of a satellite are obtained using the FAPI recursive method. Moreover, an improved recursive form based on the FAPI algorithm for identifying the input matrix is developed by rewriting the relation of system I-O data sequences.
The results show that the recursive algorithm can identify the time-varying frequencies of a satellite (Figs. 6-8 ) using the I-O data designed (Figs. 3 and 4) . The results of Tables 4  and 5 illustrate that when the SNR > 20 dB, the recursive algorithm is capable of identifying the time-varying frequencies. However, when the SNR ¼ 10 dB in simulation, because SVD is avoided in the FAPI method, noises significantly influence the results. To improve the accuracy of this method at a lower SNR, some noise reduction processing of the I/O data before identification, such as a wavelet filtering technique, can be considered.
The comparison results of computation time in Table 6 illustrate that the FAPI method has better computational efficiency than SVD-based methods. In addition, the results of test responses show that the improved recursive form can identify the input matrices in Figs. 9-13 under different SNRs and simulation conditions. (a) (b) (c) Fig. 9 . Comparison of satellite attitude angles computed by the original and state-space models identified (SNR ¼ 50).
